UCLA/Ol/TEP/26 
Columbia/Math/01 



TWO-LOOP SUPERSTRINGS III 

Slice Independence and Absence of Ambiguities [| 

Eric D'Hoker" and D.H. Phong^ 

Department of Physics and 
Institute for Pure and Applied Mathematics (IPAM) 
University of Cahfornia, Los Angeles, CA 90095 
^ Department of Mathematics 
Columbia University New York, NY 10027 



Abstract 

The chiral superstring measure constructed in the earher papers of this series for 
general gravitino shces Xz'^ is examined in detail for slices supported at two points 
xi and X2, Xs^ = + C,'^5{z,X2)-, where C} and ("^ are the odd Grassmann 

valued supermoduli. In this case, the invariance of the measure under infinitesimal 
changes of gravitino slices established previously is strengthened to its most powerful 
form: the measure is shown, point by point on moduli space, to be locally and 
globally independent from Xa, as well as from the superghost insertion points pa, Qa 
introduced earlier as computational devices. In particular, the measure is completely 
unambiguous. The limit Xa = Qa is then well defined. It is of special interest, since 
it elucidates some subtle issues in the construction of the picture-changing operator 
Y(z) central to the BRST formalism. The formula for the chiral superstring measure 
in this limit is derived explicitly. 
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1 Introduction 



This paper is the third of a series whose goal is to show that two-loop amplitudes in su- 
perstring theory are fully slice-independent, do not suffer from any ambiguity, and can 
actually be expressed explicitly in terms of modular forms and sections of vector bundles 
over the moduli space of Riemann surfaces. The main formulas obtained have been an- 
nounced in [m (hereafter referred to as I), with the full derivations to appear in subsequent 
papers. In (hereafter referred to as II), the first step has been carried out in detail, 
which is to derive from first principles a formula for the gauge-fixed amplitude, and to 
establish its invariance under infinitesimal changes of gauge slices. 

The main purpose of the present paper III is to consider the family of worldsheet 
gravitino slices with support at two points 

X,^= E C5(^,^a) (1.1) 
a=l,2 

and to prove the full-fledged invariance, both under infinitesimal as well as global changes, 
of the gauge-fixed formula when restricted to this family. Gravitino slices of the form ( |1 . 1|) 
are of great practical interest, since the gauge-fixed formula can be expressed then most 
simply in terms of meromorphic Green's functions and holomorphic differentials evaluated 
at Xa and the auxiliary superghost insertions qa and pa, a = 1,2, 3. Our principal result 
in III is that the formula thus obtained is in fact locally and globally independent of all 
the points Xa, Qa send Pa- The independence from the points qa and Pa was expected since 
these points were introduced merely as a computational device. The additional proof of 
their independence can be viewed as a check on the consistency of the entire approach and 
final formula. The independence from the points Xa is the crucial new fact, which really 
constitutes a proof that the chiral superstring measure is unambiguous and globally slice 
independent. 

The independence from the points Xa, qa, and Pa leads to a simpler gauge-fixed formula, 
where we can set Xa —>■ qa- This simpler formula is also more natural, since the points 
Pa can be viewed as a slice for moduli, and the points Q(y clS 8b slice for supermoduli. 
More important, in the limit Xa —>■ qa, the supercurrent insertions S{xa) are made to 
coincide with the superghost insertions 6{P{qa))- Formally, as shown in ^, this product 
should yield the picture-changing operator Y{z) = 6{P{z))S{z) although the difficulties 
associated with taking S{l3{z)) and S{z) at coincident points had not been clarified before. 
A byproduct of our analysis is that indeed, the naive product of the supercurrent and the 
superghost insertions is then singular and ill-defined (c.f. Section 3.3 below). Including the 
subtle new contributions of our gauge-fixing procedure, however, the limit is automatically 
well-defined. 
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We obtain in this way what amounts to the correct (ed) prescription replacing that of 
the picture changing operator. The final formula is the main result of this paper, 



A[S] 
Z 



detLJlU}j{pa) 



and the are given by 



167r2 



-WSs{qi,q2)dq^dq2 \nE{qi,q2) 
-dg,G2{qi, q2)dip*i{q2) + dg^G2{q2, qi)dip2{(li) 
+2G2{qi.q2)dri{q2)fi%{q2) - 2^2(^2, gi) 9^2* (^O/i/k^i) 



(1.2) 



(1.3) 



x^ 



167r2 
87r2 
87r2 
167r2 



i^iiqi)^^jiq2)Ssiqi,q2) 



did J In -fi^ + did J In 19(0^) 



Ssiqi, q2) ^aiqi, 92) ^2(^0) + Bs/2iPa) 



S5{quq2)J2 



dpadq, \nE{pa, qi)wl{q2) + dp^dq^ \nE{pa, q2)r^*a{qi) 



E 



S^iPa, qi)dp^Ss{Pa, q2) - SsiPa, q2)dp^Ss{Pa, ^l) 



^a{qi,q2) 



Here, the quantity d'ipl{q2) is a tensor, given by 

m{(l2-qi + Dp)a{q2)^ 



d[5]{Dp)E{q,,q2) a{q,f 



2n-l 



(1.4) 



(1.5) 



and we have 
Uw) 

f^]l{x) = uiiqi)di\nmix + Q2- 2A) + dq, \n(E{qi,q2)E{qi,x)a{qi) 

f^%{x) = u;i{q2)diln'd[5]ix + qi-2A) + dq,ln(^E{q2,qi)E{q2,x)a{q2) 
The quantities B2 and -B3/2 are defined as follows, 

B2{w) = -27Ti{w) + ^f2{wf - ^d^f2{w) - 2j2dp^d^lnE{pa,w)w:{w) 

By2{Pa) = l2T^{pa)-^h/2{Paf + dfy2{Pa) (1-6) 

All other quantities in (|L^) and (|1.3| ) were defined in II, and will be discussed again below. 
Further background material can be found in ||, 0. 
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2 Gravitino Slices Supported at Points 

The starting point of this paper is the two-loop, even spin structure, chiral superstring 
measure derived in paper II for an arbitrary gravitino gauge slice 

X.+ = EC(Xa).+ (2.1) 



a=l 



It is given by the following expression, 



A[5] = z z!^l + Xi + X2 + X3 + Xi + X, + Xe 
det (cj/c^ J (pa ) ) ■ det (xa I ) 

with the Xi defined as follows 

X, = -l^jd-'zx,^ jd^wx^+{S{z)S{w)) 

X2 = +^{nij-nij)(5djdjlnmi^)~djdj\n^[6]{Dp)+djdjln^{Dk: 
= +^Jd^zixiw)(^B2iw) + B;/2iw)^ 

^ J dp^d^\nE{pa,w)xu,^ J (fuSs{w,u)xu'^Tul{u) 



X. 



4 — 

^5 = Jd'^u Jd'^vSsiPa,u)xu'^dp^SsiPa,v)xv^T:^aiu,v) 

Xq = Jd^zx*c,{z) Jd^wG3/2{z,w)xu,^ Jd'^vXv^Aa{w,v) (2.3) 

Explicit formulas are available in Appendix A of for all the ingredients of this formula, 
such as the Green's functions for b,c ghosts G2{z,w) and for /3,7 superghosts G3/2{z,w), 
for the prime form E{z,w), for the Szego kernel Ss{z,w), and for the holomorphic 3/2 
differentials ipa^ normalized at points qjs by i'ailp) = ^a/s- The Beltrani differential fi effects 
the deformation of complex structures from the super period matrix to the supergeometry 
of the slice. We shall not repeat those definitions here, but refer the reader to [@] instead. 
There is an explicit formula available for the supercurrent correlator, 

{S{z)S{w)) = +^d,d^\nE{z,w)Ss{z,w) 

3 1 

+-d^G2iz,w)G3/2iw,z) + -G2iz,w)d^,G3/2iw,z) 

3 1 

-^d^G2iw, z)G3/2iz, w) - -G2{w, z)d^G3/2iz, w) . (2.4) 



Furthermore, B2 and are holomorphic two forms, which are given by 

B2iw) = -27riH + ^f2{wf - ^M^) -2j2dp^d^\nE{pa,w)w:{w) . (2.5) 



B,/2{w) = l2Tr{w) - -h/2{wf + d^h/2{ 



w 



(2.6) 



+ Jd zxliz)i^--d^Gs/2iz,w)^*^{w) - -^3/2(2;, U')<9^V'aH 
+G2{w, z)9,C(^) + ld,G2{w, z)C(^) 

Finally, Xa ^'^^ linear combinations of Xa normalized so that (XolV'/?) = ^af3 and the 
expression is given by 



(2.7) 



2.1 The (5-function gravitino expressions for A^i, A:2? ^^3? ^^4? 

Considerable simplifications take place when the choice Xa{w) = S{w,Xa) is made, even 
for points Xa that are arbitrary and unrelated to Pa or g^,. The limits of Xi, i = 1, ■ ■ ■ , 5 
are manifestly regular, while that of Xq is regular only after careful manipulations. 

We may readily evaluate the overall factor Z and the terms Xi, i = 1 , ■ ■ ■ , 5 that enter 
into (|2.2| ) and (|2.3|) on the gravitino slice Xaiw) = 6{w, Xa), and we find 



Z 



detujjujj{pa) ■ detip^i 



(2.8) 



1 a2 



X, 



X2 

^3 
^"5 



167r2 



-10Ss{xi,X2)d^^d^^ ln£'(xi,X2) 

-3dx^G2{Xi, X2)G3/2{X2, xi) - 2G2{Xl,X2)d^2Gz/2{x2, Xi] 

+2>d^^G2{x2, a;i)G'3/2(xi, X2) + 2G'2(x2, xi)d^^G^i2{xi, X2) 



167r2 



Ui{Xi)uj{x2)Ss{Xi,X2) 



87r2 
87r2 
167r2 



S5{xi,X2)^Wa{xi,X2] 



B2{Pa) + B:i/2{Pa) 



S5{xi,X2) 



(2.9) 



dp^d^^ In E{pa, xi)wl{x2) + <9p„5a;2 In E{pa, X2)wl{xi) 



E 



5'5(Pa,a;i)9p„S'5(pa,a;2) - Ss{Pa,X2)dp^S5{Pa,Xi] 



Wa{Xl,X2) ■ 



Each expression is perfectly well-defined and each term is finite for generic points. 
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2.2 The (5-function gravitino expression for A^q 



In order to set Xa{w) = 6{w,Xa) in Xq, we have to proceed with some extra care, since 
a singularity seems to emerge of the form 6*3/2 (a^a, x^) multiplying an expression trilinear 
in X- This singularity is however only apparent, since it is naturally cancelled by the 
symmetry properties amongst the gauge slice functions Xi and X2 entering into this trilinear 
expression. The limit may then be taken safely and a good expression for obtained. 
We present now a detailed account of this symmetrization and limiting process. 

We begin by keeping the slice functions Xa arbitrary and regular, letting them tend 
to 5-functions only after all singular contributions to Ag have cancelled out, and the limit 
can be taken safely. We need the following useful identity. 



(2.10) 



Here, ipa{v) are the holomorphic 3/2 differentials with normalization ip^i^i^) ~ ^ap, and 
Xp are the linear combinations of xp dual to ■?/'*, so that (XalV'^) = The holomorphic 
3/2 differentials ipa are then defined by ( |2.1CI| ), which implies '4'a{z){Xa\4'p) = i^pi^), and 
this equation may be solved by 



riiv){x2m-r2{v){x2\ri) 

(Xl|^l*)(X2|^2*)-(X2|^l*)(Xl|^2*) 

r2{v){xi\ri) -ri{v){xi\r2) 

(Xl|^l*)(X2|V'2*)-(X2|^l*)(Xl|^2*) 



(2.11) 



As Xa{z) 6{z,Xa), i'a has a smooth limit, the result becomes independent of the points 
Qa and normalized by ipaixp) = Sa/s- To evaluate the term Xq, we first write all contribu- 
tions in terms of Xa instead of Xo, using the above formula (|2.10|) . 



+Xi{z)xiiw)x2iv)G3/2{z, w)Ai{w, v) 
-Xiiz)x2iw)xiiv)Gs/2iz, w)Ai{w, v) 

+X2iz)Xliw)x2iv)G3/2iz, w)A2iw, v) 

-X2iz)x2iw)xiiv)Gs/2iz, w)A2{w, v) 



where A^^ is obtained by replacing by ipa in A^ of 

Aa{w,v) = 2G2{w,v)d^llja{v) + 3dyG2{w , v)llJa{v) 



(2.12) 



(2.13) 



The first term in (|2.12| ) appears to generate a singularity G3/2(a;i, xi) as Xi{z) 6{z,xi). 
However, the simple pole of G3/2{z,w) is odd under the interchange of z and w, while the 
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product Xi{z)Xi{w) is even under this exchange. Thus, for any regular xi, the pole term 
cancels and the hmit Xi{z) ~^ ^{^^ ^i) is regular and may now be taken safely. 

We begin by carrying out the symmetrization explicitly : in z and w in the first and 
fourth terms; in z and v in the second and third terms. Regrouping terms, we find 



(2.14) 



+ 2Xi{z)Xi{w)x2{v)<^G3/2{z, w)Ai(w, v) + G3/2{w, z)Ai{z, v) 
-G3/2{z, v)Ai{v, w) - G3/2{W, v)Ai{v, z) 



+ 2X2(^)Xl(w)X2(^^)|G3/2(^, W)A2{W, V) + G3j2{v, w)A2(w, z) 
-Gs/2{Z, V)A2{V, W) - G3/2{V, z)A2{z, w) 



Now we are ready to take the limit in which Xa{z) 6{z, Xa)- In this limit, w ^ z in the 
first braces, while v — > z in the second braces above. The terms that do not manifestly 
admit a limit may be evaluated with the help of the asymptotics of the Green function. 



G3/2{x,y) 



1 



x-y 



f,/,{x) + 0{x-y) 



(2.15) 



so that 



lim|+G3/2(2;, w)Ai(w, v) + G3/2(w, z)Ai{z, v) 

^ -d,Ai{z,v) + 2fs/2iz)Mz,v) 

\iml^-Gs/2{z,v)A2{v,w) - G3/2{v, z)A2{z,w)'^ 

= +d,A2{z,w) - 2U/2{z)A2{z,w) 

Next, we evaluate A^ and the derivatives of A^ needed in the above expressions as follows 



Al(Xi,X2) = 2G2{Xi,X2)di)i{x2) 

A2{x2,Xi) = 2G2{x2,xi)di>2{xi) 

9a;iAi(xi,X2) = 2d^^G2{xi,X2)di)i{x2) 

d^^A2{x2,xi) = 2d^fi2{x2,xi)d'4>2{xi) 

Al(x2,Xl) = 2G2{x2,Xi)di}i{Xi) +?,d^^G2{x2,Xi) 

A2(a;i,a;2) = 2G2{xi,X2)di)2{x2) + 'idx2G2{xi,X2) 



(2.16) 



7 



The quantities ipa simplify in the hmit Xa{z 
expressions are given by 



^ S{z, Xa) of ( p.ll|) and the simphfied 



ip^{v)iljl{xi) - ^l{v)ilj^{xi) 



l/jl{Xi)ip^{x2) - ^/Jl{x2)^^ixi) 

We may now assemble all contributions into a final expression for Xq, 



(2.17) 



167r2 



3G3/2(a;2, Xi)d^2G2{Xi,X2) - SG3/2iXi, X2)d^^G2ix2, Xi) 

+2G3/2{x2,Xi)G2iXi,X2)dip2ix2) - 2G3/2 (Xi , X2)G2 (Xg , O^i (Xi ) 
+2fs/2{Xi)G2{Xi,X2)diJi{x2) - 2f3/2{x2)G2{x2,Xi)dtp2{Xi) 



+dx2G2{x2, Xi)dllj2{Xi) - dx^G2{Xl,X2)dlpi{x2) 



(2.18) 



which is perfectly well-defined and finite. 



It is worth pointing out that the sum Xi + exhibits considerable simplification, as 
the terms multiplied by 3 occurring in Xq cancel those occurring in Xi, and the total gives, 



167r2 



Xi + Xq 



(2.19) 



-lQSs{xi,X2)dx^d^^ lnE(a;i,a;2) 

-2G2{Xi,X2)d^.,G'i/2{x2, Xi) + 2G2(X2, Xi)d^^G^l2{Xi,X2) 

+ 2G-i/2{x2, Xi)G2{Xl, X2)di)2{x2) - 2^3/2 (Xi , ^2)^2 (^2, Xi)(9^/'i (Xi) 

+2/3/2(Xl)G'2(Xi,X2)9?/'i(x2) - 2/3/2 (X2)G'2 (^2 , Xi)9V^2 (Xl ) 

+d^^G2{x2,xi)di)2{xi) - 5^.1 6*2 (Xi,X2)9V5l(x2) 



Together with the results of ( |2.9| ), the above formula yields the chiral superstring measure 
evaluated on 5-function supported gravitino slices. 
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3 Global Slice % Independence 



We shall now prove that the full chiral superstring measure A[6], given by (|2.8|) , ( |2.9|) and 
( p.l8| ), is a holomorphic scalar function in x^, Qa and Pa by showing that no singularities 
occur when any of these points pairwise coincide. Since the measure is a holomorphic 
scalar in xi, for example, it must be independent of Xi. By iterating this argument for 
all points, we establish that A[6] is independent of all points Xa, Qa and pa- Thus, A[6] is 
globally independent of the choice of (5-function slices. We present below the arguments 
for the absence of singularities when points coincide in order of increasing difficulty. 



3.1 Regularity as Qa Pa 

This is the easiest the overall factor Z as well as each term X^, i = 1, ■ ■ ■ , 6 have 

a finite limit. This is manifest for all A^, except perhaps X3, where the result follows, 
however, from holomorphicity in w of the functions B2{w) and B^i2{w). 



3.2 Regularity as q2 qi 

The overall factor Z 

deiuJiujj{pa) ■ detV'^( Xci I 
has go-dependence through both the correlator and the finite dimensional determinant 
detip*p{xa)- The g-dependence of the latter may be exhibited using any qa-independent 
basis of 3/2 holomorphic differentials ipi, ip2- We then have 

The g^-dependence of the correlator may also be rendered completely explicit, 

^ ^ m jOY^Db) na<t EjPa, Pb) Ua C^jPaf 

Z^^i3[6]{qi + 52 - 2A)E(gi, g2)c^(gi) ^(ga)^ det^/^j(pj ■ det^^M ^ ' ' 

The numerator of Z is ga-independent. The denominator has a simple pole as g2 gi 
from the factor det?/'^(xa), and this pole is cancelled by a simple zero from the prime form 
E{qi,q2), leaving a finite limit of Z. The Green's functions G3/2{z,w) and fz/2{.z) have a 
smooth limits as g2 — > gi, and these limits are given by (see Appendix A of 0) 

^ , , - w + 2gi - 2A) E{z, q.fajzf 

'/'^^'""^ i?[6]i2q,-2A)E{z,w) E{w,qifa{wf 

h/2{z) = uJi{z)di\n^[6]{2q,-2A) + dAn(a{z)^E{z,qi)^^ (3.4) 

As a result, Xi + Xq has a smooth limit, as do X2 and A3. The terms X4 and A5 are 
independent of q^ altogether, so their limit is manifestly smooth. 
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3.3 Regularity 

The limit not well-defined term by term, beginning with the superghost cor- 

relator Xi. Here, we show that the combination of all contributions in ( ^.81 ), ( |2.9D and 
( p.l8| ) is well-defined and finite. To begin with, it is manifest that the prefactor Z has 
a well-defined limit, with the only Xa dependence through detip'^lxa) — > 1 in this limit. 
Furthermore, the terms X2, X4 and all have smooth limits. Thus, only the term 
Xi + Xq remains to be examined, which we do next. 

The holomorphic differentials ipai^) behave smoothly as Xjs —>■ qp, as do their deriva- 
tives. Thus the first and last lines in (|2.19| ) admit smooth limits, and only terms of the 
following form remain to be discussed. 



G2{Xi,X2) 



'2d^,^Gs/2ix2,Xi) +2G3/2ix2,xi)dip2ix2) + 2/3/2 (xi)9V^i(x2) 



(3.5) 



(minus the same form with xi and X2 as well as ipi and 1IJ2 interchanged). The above 
contribution exhibits a singularity in the form of a simple pole in xi — qi, but is regular 
as X2 ^ q2- The pole is easily evaluated using te following formulas 

G3/2{X2,X^) = -^—'4,*{X2) + 0{1) 

Xi- qi 

/3/2(xi) = -^ + 0{l) (3.6) 
Xi — qi 

The residue of the pole is given by 

- 2diljl{x2) + 2^* (0:2) 9^^2(2:2) + 297/^1 (X2) , (3.7) 

a formula in which xi = qi since we are evaluating the residue at the pole in (xi — qi). 
With this value for xi, the i/j differentials ( |2.11| ) simplify considerably and we have 



Using these expressions, the residue is readily seen to vanish. We conclude that the limit 
Xa —>■ qa is smooth in the full chiral superstring measure. 



3.4 Regularity as pa Pb 

The Green's function G2 behaves smoothly in this limit, while Ss, G3/2 and /3/2 are simply 
independent of pa- As a result, Xi + Xq and X2 have smooth limits as two pa collapse. 
The limits of X3, X4 and X5 are more involved as the forms w* and Wa have implicit pa 
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dependence which may become singular. To study this behavior, we fix pi ^ p2 and let 
P3 Pi without loss of generality. The terms X^, A4 and are now all of the form 

J2^*a(^)f(P<^) I]^^a(a;i,a;2)/(Pa) (3.9) 

a a 

and we shall show that this limit is smooth provided / is differentiable, which is of course 
the case here. To analyze zu* and Wa in this configuration, it is convenient to choose an 
adapted basis for holomorphic Abelian differentials, ujj{pj) = 6jj for J, J = 1, 2. We then 
have considerably simplified and more workable expressions for w* and Wa, given by 

^^2 [P3) 

-aW - if^ + il (3.10) 

and 



2\ujt{p3) UJ^{p3) 



wi[xi,X2) = Wi(xi)^i(x2) - -a;i(p3) 

W2{Xi,X2) = UJ2{Xi}UJ2{X2) - -^2{P3) 



2 ^^"'^ utips) 

I . l ujl{Xr)ul{x2) + UI{X2)UJ*2{XI) 

Wz[Xi,X2) = w X X (3.11) 

2 ^1(^3)^2(^3) 

The limits as ps pi of the sums are now easily evaluated and we find 

i:<i^)fiPa) = lu;l{x)f{p,)+u;;{x)f{p2) + I '^^f^^^J^^ (3-12) 

J2^CiiXuX2)fiPa) = iul{Xi)ujl{x2)fipi)+UJ2iXi)uJ^ix2)fip2) 
a 

+i(c^t(a:0^2*(^2) +a;r(x2)^2*(^i))|^ (3-13) 
both of which are finite. This establishes that the limits of collapsing pjs are smooth. 

3.5 Regularity as X2 x\ 



The prefactor Z in (|2.8| ) exhibits an overall simple pole as X2 x\ since the finite dimen- 
sional determinant detV^^(xQ,) has a simple zero in this limit. Amongst the Xi of (|2.9| ), X\ 
exhibits a simple pole, which is cancelled by the simple poles in X2 and those parts of the 
simple pole in Xj, that are produced by the full stress tensor. The remaining parts of Xj, 
as well as X/^ exhibit a simple pole, while X^ admits a vanishing limit.]] 

tit is helpful to notice that the prefactor Z as well as each Xi is odd under interchange of x\ and xi. 
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Only appears to produce a triple pole, and we shall begin by showing that this pole 
cancels within Xq. The starting point is the expression ( p.l8|) and the limiting behaviors 
of dtpaixfs), given by 



Xi - X2 

dMxi), dtlj2{x2) ^ (3.14) 

Xi - X2 

which upon substitution into ( p.l^ ) leads to the absence of the triple pole in Xq. 
3.5.1 Cancellation of the simple poles in Xi 

There are neither double poles nor constant terms in Xi since it is odd under xi ^ X2- 
Therefore, it remains to show that the simple poles cancel. To this end, an extra careful 
asymptotic analysis is required. We begin by defining the variables in which the limit will 
be taken : 

Xi = X + e X2 = X — e with x fixed . (3.15) 

The derivatives dTpa^xp) behave as follows 

dMx2) = -^^ + \a-'-B + 0{^) (3.16) 
where A,B,C are defined by the following expressions, evaluated at x. 



A 
B 



3 



ip2dipl — ipldip. 



2 



r2dri - ridr2 ' 

We shall also need the asymptotics of the Green's functions, which are given as follows 
(see Appendix A of for more details) 

d,,d^,\YiE{xi,X2) = +^-2T^{x) + 0{e^) 

12 



Ss{xi,X2) 



^ + 2e(7i/2(x) -2eTi(x) + 0(e3) 



Gn{xuX2) = +- + fn{x)+e{2gr,{x)-dU{x)-2T^{x)) + 0{e^) 



Gn{x2, Xi) 
dxiGn{Xi,X2) 



2e 
1 

1 



+ - e(2f7„(x) - dUx) - 2Ti(x)) + 0{e^) 
+ gn{x) - Ti{x) + 0{e) 



dx2Gn{x2,Xi) = -— + gn{x) -Ti{x) + 0{e) 
where /„(w) is given by the first hne of ( |1.5|) and gniw) by 

9n{w) = ^uJiUj{w)didjln'd[5]{Dn) + ^fniwf + ^d^fn{w) 



(3.18) 



(3.19) 



We now calculate the limiting pole behavior of each of the terms Xi. We omit an overall 
factor of C^C^/lGvr^e which is common to all terms. The details of the calculation of A3 
will be given below. 

A'l + A'e ~ 3g2{x) + 12T^{x)-2df2{x)-Af2ix) + li3B + C)-5gi/2ix) 
1 



-UJUJj{x) 



didj\n^j§^ + djdj\n^{D,) 



X, 12 T,{x) + ]^f2{xf - ^df2{x) -2Y,d,^dA^E{pa,x)w:{x) - \h/2{xf 

-\dh,2{x) + g^,2{x) + 49/2(x) - Ag2{x) + ^^(x) - ^(35 + G) 

Z o 

X^^ ~ 2^dp^dx\nE{pa,x)wl{x) 

a 

Afs ~ (3.20) 
Adding all terms but X2, and using the expressions for of ( p..5|) and of ( p.l9|) , we find 



]^f2{xf - ]^fz/2{xf + ]^df2{x) - ^df3/2{x) + gs^x) - g2{x) - 5^i/2(x) 



-UiUj{x) 



+didj \n^[6] {Dp) - did J In d{D^) - bdjdj In t9[5] (0) 
and this term is readily seen to cancel completely with X2. 



(3.21) 



3.5.2 Detailed evaluation of the limit of X3 

The one piece of the above calculation that requires further detailing is the evaluation of 
X3. As xi = X + e and X2 = x — e, with x held fixed and e — > 0, the pole in X3 takes the 
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following form 

pole A'3 = ^^Y.'^aix,x)(^B2{Pa) + Bs/2iPa)^ . (3.22) 

First, we use the fact that zUa{x,x) = (f)^^^*{x), and then we use the fact that since B2 and 
are holomorphic 2-forms, we have 

J2<P^a^*{x)(B2{Pa) + B,/2iPa)) = B2{x) + B„2{x) . (3.23) 

The evaluation of B2{x) is straightforward. To evaluate B2/2{x), we keep e 7^ 0, and work 
out its expression starting from its definition in (|2.(j|). We find 



By2{x) = 12Ti(x)-^/3/2(x)2 + 9/3/2(x) 

3 3 

-^d^G3/2ixi,x)ipi{x) - -d^G3/2ix2,x)ip2{x) 

~G3/2{xi,x)dipi{x) - ^G3/2{x2,x)dij2{x) 

+G2{x,xi)dipi{xi) + G2{x,X2)di>2{x2) 

3 3 
+ 2^X1 G2(x, xi) + -d^^G2ix, X2) (3.24) 

To evaluate this quantity, we need further asymptotics of the Green's functions,0 

1 



G'3/2(xi, x) = +^ + h/2{x) + £5(3/2 (x) - eTi(x) + C(e^ 
1 



2^ 



G-i/2{x2,x) = + f3/2{x)-eg3/2{x) + eTi{x) + 0{e 
d.,G3/2{xux) = +^ + df3/2{x)~g3/2{x)+T^{x) + 0{e) 



d..G3/2{x2,x) = +^ + 9/3/2(0;) -53/2(x)+Ti(x) + 0(e) (3.25) 



and 



G2{x,xi) = -- + f2{x)+edf2ix)~eg2{x)+eTi{x) + 0{e^) 
e 

G2{x,X2) = +- + f2{x) - edf2{x) + eg2{x) - eTi{x) + 0{e^) 
e 

d,,G2{x,x,) = +\ + df2{x)-g2{x)+T,{x) + 0{e) 

d^,G2ix,X2) = +\ + df2ix)-g2ix)+T,{x) + Oie). (3.26) 



■'■Notice that these Hmits are shghtly differ ent from those of ( 3.18 ) since here one of the arguments of the 



Green's functions is x in contrast ■with ( 3.18 ), -where both arguments are Xa- As a result, the coefficients 
on the right are shghtly different. 
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We also need new asymptotics of ipa and its derivatives 

^^P2{x) = + + + (3-27) 



Assembling all these pieces into the expression ( p.24| ), we find the result given in ( p.20| ). 



3.6 Limits 

We start from formulas ( p.8|) and ( p.9|) and evaluate the limit — > Pa of each of the A'j, 
i = 1, ■ ■ ■ , 6. Since Xi and X2 play symmetrical roles, we examine only the limit Xi —^Pa, 
without loss of generality. The only xi-dependence of the prefactor ( p.8| ) is through the 
finite-dimensional determinant detip^lxa), which has a finite limit for generic points Pa- 
Thus, we shall need only the singular terms of the limit of as Xi ^ Pa- We shall need 
the following asymptotics 

G,{z,x,) = -J^^i^>(z) + 0{1) 

Xl -Pa 

Ssixi^pa) = ^ + (3.28) 

Xl -Pa 

All other hmits, up to regular terms, such as ^^^^^(xi,^^) may be deduced from the above. 

In evaluating the limits of the Xi, there is an overall factor of C^C^/167r^ which we shall 
suppress here. The various limits are then given by^ on 

3 1 

'^l ~ ^7 7^ <Pa^*{x2)Gs/2{Pa,X2) <l)^a^* {x2)dp^Gs/2{Pa, X2) 

[Xl-Pa)^ Xl-Pa 

X2 ~ 

3 3 / 

X-i ~ -7 r:; Ss{Pa,X2)wl{x2) dp[Ss{p,X2)Wa{p,X2) 

[X^ - PaY X^ - Pa \ 



[Xl-PaY Xi-Pa 

2 

H S5{pa,X2)di)i{Xi)wl{x2) 

Xl -pa 



P=Pa 



^We use the notation dpX{p)\^_^ here and below whenever X has imphcit dependence on pa, such as 
is the case with X — vo*^(jp) and X — zua{p, 2:2). 
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P=Pa 



2 2 

^ +7 Z \2 Ss{Pa,X2)rul{x2) + dp^Ss{Pa, X2)rul{x2) 

y^l Pa) ^1 Pa 

^5 ~ +7 Ssipa,X2)i:ul{x2) H Ssipa,X2) dpWaip,X2] 

[Xl-Pa) Xi-Pa 

Z 9p^Ss{Pa,X2)wl{x2) 

Xl Pa 

~ + . ^ <j>^^>{x2)Gy2{Pa,X2) + cP^:^^*{x2)dp^Gs/2{Pa,X2) 

\Xl Pa) Xi Pa 

^ <Pf>{x2)Gs/2{Pa:X2)dM^,) ^ f,^,(x2)cl>'^^> {x2)dMxi) 



Xl-Pa Xi-Pa 

+—^d(t>^;^>{x2)d^2{x^) (3.29) 

Xl Pa 

It is easily established that the coefficients of all double poles simply cancel one another. 

The remaining simple pole at Xi = Pa has the following residue which, after working 
out the p-derivative in and regrouping terms, takes the form, 

Ra{x2;p,q) = +2(j)'a^*{x2)dp^G3/2iPa,X2) " 20^^^* (x2)G'3/2 (Pa, a;2)5V'l (Pa) 
-2(l)^^>ix2)h/2{x2)dMPa) + d<l)^^>ix2)dMPa) 
+2WI{X2) Ss{Pa:X2)d'llji{pa) - 2wl{x2) dp^ S s {Pa: X2) 
-2Ss{Pa, X2)dpWaip, X2)\p^p^ (3.30) 

It remain to show that this residue vanishes; the arguments are surprisingly involved. 

The residue Ra is a differential form of weight 3/2 in X2- We begin by showing that 
this form has no poles in X2, and is thus a holomorphic 3/2 form. By inspecting each of 
the ingredients of Ra, it is clear that the only possible singularities in X2 can occur at one 
of the points or p^. We show that there are in fact no such poles. Once this has been 
estabhshed, we shall show that the holomorphic 3/2 form Ra vanishes at both points p^, 
h ^ a. Since these points were generic, they cannot be the divisor of any non-vanishing 
holomorphic 3/2 form, and thus Ra — 0. 

3.6.1 Holomorphicity of the residue 

To examine the singularity structure of Ra as X2 qa.wc need the following pole structure 
of each individual piece. First, (I)'''^^*{x2), dijji3{pa), zul{x2) and dpZUa{p, X2)\p^p^ are all 
regular in the limit. On the other hand, the singular ingredients are given by 

^3/2(^,^2) = C(p) + 0(i) 

X2-qa 

h/2{x2) = —^ + dra{qa) + 0{x2-qo) (3.31) 

X2 — qa 
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Only the first three terms contribute to the pole, and the limiting behavior is given by 

Ra = '^^^^^(orM - rMdMpa) - dMPa)) + 0{1) (3.32) 
X2- Qa \ } 

The definition of '^p in ( ^.ITp involves as well as the values of X\ and X2- Since the 
residue Ra is evaluated at = Qa, these definitions simplify considerably and may be 
conveniently expressed in terms of ip*. Let a = 1 without loss of generality, 

Mp) = ^2^^) = - ^2(^)7^ (3.33) 

for any point p. By differentiating in p and setting p = Xi, we get 

As a result, the factor in brackets in ( p.32| ) vanishes for any point Xi = Pa, dipaixi) — 
ip^{xi)dipi{xi) — dip2{xi) = thereby showing that the pole of ( ^.321 ) is absent as X2 —^qi- 
The case X2 — >■ q2 is analogous. Thus, Ra has no poles as X2 — > g^- 

To examine the singularity structure as X2 —>■ Pb, we have to deal with two distinct 
cases. When b ^ a, the first three terms in Ra tend to zero as 4>^a^*{pb) = 0, while the 
remaining terms have a finite limit. When b = a, double and single poles are generated, 

Ra ~ 7 ^^(-<p'a^*ix2) + nj:{x2)) + (d,,<P^^> ix2) + 2dw:{pa)) (3.35) 

Expanding the argument X2 around Pa in the double pole terms and using the identity 



d.,ct>^^^\x2) 



= 2d.^^zu*{x2] 

X2—Pa 



X2=Pa 

we see that this quantity cancels. Thus, the limit X2 — > Pb of Ra is regular as well. 
3.6.2 Vanishing of the residue 

It remains to show that -Ra = at the points X2 = Pb for b ^ a. The residue function 
simplifies at these values, and we have 



Ra{pb;P,q) = +d(l)''a^*{pb)dij2{Pa) - 2Ss{Pa,Pb)dpWa{p,Pb) 



P=Pa 



+2wl{pb)Ss{pa,Pb)diJiiPa) - 2wl{pb)dp^Ss{pa,Pb) (3.36) 

As all points Pa are on an equal footing, we may choose, without loss of generality, a = 3 
and b = 1,2. It suffices to show that Rz{pi'iP-,q) = 0; the same argument may then be 
applied to show that Rz{p2]P) g) = as well. 
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To demonstrate that R3{pi',p,q) = 0, we evaluate 03 , -073(^1) and dzu3{p3,pi) in 
a common basis where their expressions may be compared. To this end, we introduce 
(as in subsection §3.4) a basis of holomorphic Abehan differentials u} normalized so that 
uj}{pj) = Sjj, I, J = 1, 2. In terms of these objects, we have 



UJ*{ps)uJ^{ps) UJ*{p-i)uJ*2{p3) 

2ap3ti73 pi,p3 = ^1 . ^, . 3.37 



Using these expressions, we may recast R3{pi;p,q) in the following form 

1 

^2*(P3) 



Ra{Pb]P,q) = ^] . ( (91nu;;(pi)(9^i(p3) + (91nu;;(p3)5'^(pi,p3) 



+(9p3 5*5(^1,^3) - 9^^2(^3)55(^1,^3)) (3.38) 



The quantity in parentheses is in fact independent of p2, as may be established by noticing 
that 5*5 and diljl{p2) are independnt of p2, and that the remaining quantities are given by 

div^Pi) ^ ^i2pi-w-A) Eip,,w) ajp,) 

^2{P3) ^{pi+p3-w-A)E{pi,w)E{p3,pi)a{p3) 

dlnu;*2{ps) = ^,(P3)5/%i+P3-^-A) + 9p3ln(^^%l^il^) (3.40) 

V E{p3,w) ) 

where w is an aribtrary point. Since 1/072(^3) 7^ 0, showing the vanishing of Ra{pb',P,q) 
in ( p. 381 ) is equivalent to showing the vanishing of u!2{P3)Ra{Pb',P,q), which is just the 
bracket in ( |3.38| ). This quantity is a form of weight 1/2 in pi, and its only possible 
singularities are when pi —>■ Ps- To show that this quantity vanishes, it suffices to show 
that it is holomorphic, since with even spin structure there are no holomorphic 1/2 forms. 
It suffices to pick up the poles as pi ^ ps, which may be done with the help of 

9^1(^2) ^ L0j{p,)diln^[6]{Dp) -2dpjna{p,) 

Pi -P2 

^^^/^^.^ ~ ^ uJi{pi)di\ni9{2pi-wo-A)-dp,\na{pi) + dp,\nE{pi,wo) 

UJ2{P2) P1-P2 

d\nuj2iP2) ~ \- ujj{pi)di\n'd{2pi- wq- A) + dpjna{pi) - dp,lnE{pi,wo) 

Pi -P2 

5^2*(P2) + ujj{p,)djlnmiDp) +2dpjna{p,) (3.41) 

P2 -Pl 

and we see that all terms cancel. This concludes the proof of the fact that Ra{x2;p, q) = 0, 
and thus of the fact that the limits Xa — > Pa are regular. 
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4 The Limit Xa Qa ^ind Picture Changing Operators 

The expression for the chiral superstring measure now involves 7 distinct generic points, 
Xa, Qa and Pa, upon which the actual amplitude does not depend. Clearly, one would like 
to do away with any reference to specific points in the final form of the chiral measure. 
One way to proceed is to let various points come together and collapse; all such limits are 
regular. Another way is to make special choices for the points without actually collapsing 
them. We shall make use of both approaches. We conclude this paper with the derivation 
of the final formulas ( |1.2D and ( |1.3D , in which the points Xa and Qa have been collapsed onto 
one another and Xa = Qa- The resulting formula is the starting point of the next paper IV 
in this series, where the chiral superstring measure will be cast in terms of modular forms. 

The limit Xa — ^ produces very significant simplifications such as detxlj^^Xa) = 1, 
while B^j2{'w) and some of the Green's functions simplify. The necessary ingredients are, 

G3/2(x2,Xi) = ^1(3^2) - iIjI{x2) fy^i^-i) + 0{Xi - Qi) 

G3/2ix,,X2) - ^ 



Xi 




Qi 




1 




X2 








1 




Xi 








1 




X2 




(I2 



/3/2(xi) = + dri{qi) + 0{x^-q^) 

Xi - qi 

/3/2(x2) = ^^ + dr2{q2) + 0{x2-q2), (4.1) 
X2-q2 

where we use the definitions of f^l {w), given in ([L5| ). Clearly, since the points pa have been 
kept separate from the points q^, the limits Xa qa on the Green function G2 are regular. 
Similarly, the limit of the matter contribution is regular. The remaining contributions 
involve ^3/2(3^1, 2^2) and 6*3/2 (2^2, a^i) respectively, of which the second is given by 

- 2d,,G3/2{x2, Xl) + 2G3/2{x2,Xl)dMx2) + 2/3/2 (a^i) 9^1 (S2) . (4.2) 

The Xl — s> qi limit of this quantity is regular, as was already shown in the preceding section, 
as a simple pole is cancelled between the three terms. The X2 — > q2 limit is regular for 
every term by itself, so both x^ — > qa limits are smooth and may be taken in any order. 
We begin by taking the limit X2 — > q2 first, which results in 

- 2d,,Gy2{q2, Xl) + 2fy2{xi)dMq2) , (4.3) 

since G3/2('?2, a;i) = 0. To take the limit xi qi next, we need to evaluate the factor 
d4'i{q2), for which we use the fact that for X2 = q2, we have ipi{x) = ipKx) / ip^Xi) , so that 

dM(l2) = - {xi - qi)dri{q2)dri{qi) + 0{xi - qif . (4.4) 
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Combining all, (|4.3| ) is given by 2(9'i/'i(q'2) 73/2(^2) and we find (|1.2|) with Xi given by (|1.3| ). 

In deriving the above limit, we started from a formula that had already combined the 
and contributions into their sum Xi + Xq, which admits a finite limit. It is, however, 
important to stress that neither Xi nor Xq by itself admits a limit Indeed, 
the limit of Xi would correspond to putting the supercurrent S{xa) operator on top of the 
superghost insertion but this limit does not exist. Remarkably, the inclusion of 

the effects of the finite dimensional gauge fixing determinants which result in Xq render 
the limit well-defined. In particular, we obtain a well-defined interpretation of the picture 
changing operator Y{z) = 6{P{z))S{z). We view this intermediate result as one of the key 
successes of our approach. 
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